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Image analyses of two crustacean exoskeletons and
implications of the exoskeletal microstructure on the
mechanical behavior
Liang Cheng, Liyun Wang, and Anette M. Karlssona)

Department of Mechanical Engineering, University of Delaware, Newark, Delaware 19716

The microstructures of exoskeletons from Homarus americanus (American lobster) and
Callinectes sapidus (Atlantic blue crab) were investigated to elucidate the mechanical
behavior of such biological composites. Image analyses of the cross-sectioned
exoskeletons showed that the two species each have three well-defined regions across
the cuticle thickness where the two innermost regions (exocuticle and endocuticle) are
load bearing. These regions consist of mineralized chitin fibers aligned in layers, where
a gradual rotation of the fiber orientation of the layers results in repeating stacks. The
exocuticle and endocuticle of the two species have similar morphology, but different
thicknesses, number of layers, and number of stacks. Mechanics-based analyses
showed that the morphology of the layered structure corresponds to a nearly isotropic
structure. The cuticles are inter-stitched with pore canal fibers, running transversely to
the layered structure. Mechanics-based analyses suggested that the pore canal fibers
increase the interlaminar strength of the exoskeleton.

I. INTRODUCTION

Exoskeletons are the hard, external covering of arthro
pods such as crustaceans (e.g., lobsters, crabs, and
shrimp) and insects (e.g., beetles). Many exoskeletons
have outstanding material properties' with multiple func
tions such as carrying the body weight, serving as a filter
for chemicals and environmental exposure, and provid
ing armor against enemies? To achieve this, nature pri
marily uses one material-the biopolymer chitin-to de
velop a complex hierarchical structure, together with
connective tissue consisting of proteins and minerals.
Variations in the morphology of the chitin network and
mineralization within the structure lead to a range of
properties. 1
Arthropod exoskeletons are commonly composed of
three major regions including epicuticle, exocuticle, and
endocuticle (Fig. 1). The outmost region, the epicuticle,
is thin (2-4 !LID) compared to the other regions. It is a
waxy layer lacking chitin, acting as a diffusion barrier.
The exocuticle and endocuticle are mainly made of the
chitin-protein marcofibrils, with minerals deposited in
between for species with calcified exoskeletons. 3 •4 Chitin
is a natural polysaccharide that is commonly found in
most arthropods. These chitin polymers with their asso

ciated proteins form microfibrils?·5 Bundles of microfi
brils form the so-called "macrofibrils," which can be ob
served under electron microscopy. The deposited miner
als in calcified samples of crustaceans include calcite,
vaterite, and hydroxyapatite. 3 The exocuticle and endo
cuticle are the load-carrying structure in the cuticle3 and
vary in thickness, depending on species.
Although the shell of nacre has received significant
attention in the last decade (e.g., Refs. 6-9), the archi
tecture and mechanical behavior of most arthropods exo
skeletons are not well-understood. By investigating and
developing an understanding for the multilayered "bio
mineral" composite structure of arthropods, guidelines
and ideas for man-made multifunctional structures with
superior properties may be reached. 10 •11 In this work, we
investigated the exoskeletons of two crustaceans, the
Callinected sapidus (Atlantic blue crab) and Homarus
americanus (American lobster). We first examined the
microstructure of these biologically formed composites
and adopted simple mechanics based models to elucidate
the mechanical response. The microstructure was ob
tained through investigation of representative samples
using electron microscopy and image analysis, reviewing
and extending the current understanding of the micro
structure. The mechanical response was evaluated by
adapting and extending suitable models developed for
composite materials. The results revealed important and
novel information about the mechanical response of exo
skeletons from arthropods.
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F1G. 1. Schematic illustrations of the hierarchi cal structure from millimeter to nanometer levels of the cuticle of a Homarus americanus
(American lobster) and Callinectes sapidus (Atlantic blue crab). The outer layer (epicuticle) acts as a diffusion ban·ier. The exocuticle and
endocuticle layers are load bearing structures built of mineralized fibrou s chitin -protein with similar morphology. The structure in the endocuticle
has larger dimensions than that in the exocuticle. Drawings are in different scales, indicated by the associated scale bars.

II. IMAGE ANALYSIS

A. Sample preparation

Representative samples (30 x 20 mm cuticle strips)
were taken from claws and dorsal carapace of Callinected sapidus and Homarus americanus and prepared
for image analysis. The samples were divided into three
groups with 10 samples per group for each individual
species, and underwent either air drying, ethanol dehy
dration, or decalcification.
Samples from the first group were air-dried in a regu
lar desiccator for two to three days.
Samples from the second group were fixed in 70%
ethanol alcohol (ETOH) overnight, then dehydrated in
ascending grades of ETOH (95 % and 100%) and finally

in 100% ETOH with a molecular sieve (Grade 564 Type
3A, Fisher Scientific, Pittsburgh, PA) to absorb all the
moisture from the ETOH, for 30 min each. In the last step,
critical point dehydration was conducted, using a dryer
(Autosamdri 815B, Seris A, Tousirnis Research Corpora
tion, Rockville, MD) to prevent the samples from being
damaged due to large tension force in the liquid- gas inter
face during traditional drying. [Critical point dehydration
(CPD) is a method of drying tissue without damaging the
structure of the delicate specimen. Typically large ten
sion forces develop in the liquid-gas interface during
drying. At the critical point (associated with critical tem
perature and pressure), the liquid and the gas phase have
the same density; thus a distinct interface will not be
generated, preventing tension forces from developing.)

Samples from the third group were first fixed over
night in 2.5% glutaraldehyde in 0.2 M sodium cacodylate
buffer (pH 7.4) and then decalcified in 10% EDTA
(edetic acid) in 0.1 M Tris-HCI (pH 7.0) for 2-3 weeks
until the cuticle was soft. The decalcified samples were
rinsed in 0.2 M sodium cacodylae buffer three times for
10 min each and then fixed in 0.5% Os0 4 for 2 h. After
being rinsed in de-ionized water three times for 10 min
each, samples were dehydrated in ascending ETOH se
ries through 25%, 50%, 70%, and 95% for 15 min each.
Dehydration was further carried out with 100% ETOH
for 30 min followed by additional 30 min in 100% ETOH
with a molecular sieve. Finally, critical point dehydration
was performed as described for the previous group.
Fracture surfaces were made from the prepared samples
using forceps and a single-edged razor blade to expose
either the cross sections or planes parallel to the surface of
the exo- or endocuticle. Because of the difficulty in con
trolling the fracture plane, oblique fracture sections were
commonly obtained. These fractured samples were sputter
coated with gold/palladium for 2.5-3 min and then ob
s~rved with scanning electronic microscopy (SEM) using
two different microscopes (JSM-7400, JEOL, Tokyo, Ja
pan and Hitachi S-4700, Tokyo, Japan).
B. Microstructural observations
The exoskeletons of the investigated arthropods are
found to be layered structures, divided into three distinct
regions: epicuticle, exocuticle, and endocuticle (Fig. 1).
Transverse pore canals and pore canal fibers are also
dominant features, running perpendicular to these (in
plane) regions. The key features and measurements of the
structures from both species are summarized in Table I
and will be discussed in the following.
1. Layered structure

The exoskeletons consist of three distinct regions (Fig.
1). The outermost region, the epicuticle, is much thinner

than the other regions, with a thickness of approximately
2-4 J.Lm. Cross-sectional images of the epicuticle from
the air-dried samples (without decalcification) reveal a
dense structure, where the microscopic features are hard
to distinguish (not shown for brevity). However, in de
calcified samples of both species [Figs. 2(b) and 3(b)],
closely packed fibrous structures perpendicular to the
external surface are observed. Since this layer is not
loading-bearing, it will not be studied further in this work. 3
Beneath the epicuticle are the two major load-bearing
regions : the exocuticle and endocuticle (Fig. 1). These
two regions have similar morphology but have different
thicknesses. The exocuticle is approximately 150
180 J.Lm thick for the Homarus americanus claw [Fig.
2(c)] and 40-50 J.Lm for the Callinected sapidus claw
[Fig. 3(c)]. The thickness of the endocuticle is approxi
mately 3-4 times that of the exocuticle for Homarus
americanus and 6-8 times that for Callinected sapidus
[Figs. 2(a) and 3(a)]. Similar to the epicuticle, a detailed
fiber structure cannot be detected in the air-dried samples
but can be clearly observed in the decalcified samples.
Measurements from the SEM images of the decalcified
samples indicate that the diameter of the fibers is ap
proximately 30-40 nm. These fibers are the chitin
protein fibrils , termed macrofibrils? ' 11
The exocuticle and endocuticle consist of multiple
chitin-protein layers, with the chitin-protein macrofibrils
arranged parallel to each other in each layer. The chitin
protein layers stack successively on each other, with each
layer rotated with a small angle of rotation about the
normal direction relative to its adjacent layer, sche
matized in Fig. 4(c). This stacking sequence results in an
apparent parabolic pattern in oblique sections of the cu
ticles (Fig. 4). The parabolic appearance is a purely geo
metric illusion and has caused some misinterpretation in
the literature. What appears as a parabolic "curve" is in
fact just a sequence of oblique cuts of macrofibrils in a
series of layers, where one "full parabola" corresponds to

TABLE I. Structure comparison between Homarus americanus and Callinected sapidus claw, based on image analysis.
Region

Property

Epicuticle

Thickness
Pattern

Exocuticle

Thickness
Pattern
180°-stack
Fiber volume fraction
Thickness
Pattern
180°-stack
Fiber volume fraction
Pattern

Endocuticle

Pore canal and pore
canal fiber

Density
Fiber diameter

Homarus americanus

Callinected sapidus

2-4 j.1m
Fibers aligned perpendicular to the surface

2-4 j.1m
Fibers aligned perpendicular
to the surface
40- 50 j.1m
Bouligand architecture
-3 j.1ffi
High
300-400 j.1ID
Bouligand structure
11-12 j.1ID
Low
Transverse through the thickness
of the exo- and endocuticles
0.22-0.50 j.1m- 2
0.5-2 i.cm

150- 180 j.1ID
Bouligand architecture
6-8 j.1m
High
600-700 j.1ID
Bouligand structure
25-35 j.1m
Low
Transverse through the thickness of
the exo- and endocuticles
0.13-0.16 j.1m- 2
. 0.1-0.5 j.1m

FIG. 2. SEM images of a Homarus americanus cuticle: (a) overview of the cross-section, (b) epicuticle (2-4 IJ-ffi thick), (c) exocuticle ( 150
180 ~J-m), and (d) endocuticle (600-700 iJ.ffi). hx (6-8 IJ.ffi) and hn (25- 35 iJ.ffi) represent the thickness of the 180•-stack in exocuticle and
endocuticle, respectively.

FIG. 3. SEM images of a Callinectes sapidus cuticle: (a) overview of the cro s-section, (b) epicuticle (2-4 fJ.ffi thick), (c) exocuticle (30-50 IJ.m),
and (d) endocuticle (250-300 IJ.ffi). hx (- 3 IJ.m) and h 0 (11-12 IJ.m) represent the thickness of the 180•-stack in exocuticle and endocuticle,
respectively.

180° rotation of the layers, as was visualized in Fig. 4
(referred to as a "180° stack"). This structural pattern is
termed a "helicoidal structure," which was first sug
gested by Bouligand 12 and has been explored by Giraud
Guille.13

2. Pore canals and pore canal fibers

In addition to the layered helicoidal structure, there are
distin ct through-the-thickness structural features : the
pore canals (PC) and associated pore canal fibers (PCF).
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FIG. 4. Helicoidal pattern (Bouligand-structure) of the chitin-protein fibers in exocuticle and endocuticle: (a) A parabolic pattern can be seen
in a SEM image of an oblique section of the exocuticle from the ethanol dehydrated Homarus americanus claw. (b) Fiber orientations are shown
in a SEM image of a cross-section of the decalcified endocuticle from a Homarus americanus claw. Arrows indicate the successive rotation of
chitin-protein fibers in neighboring layers. Transverse fibers (PCF = pore canal fibers) are clearly seen. (c) In a schematic representation the
Bouligand pattern, each layer represent parallel fibers, and the layers are successively rotated unidirectionally relative to their adjacent layers.
(d) An oblique cut is made in the schematic Bouligand block. (e) The side view of the oblique cut displays the parabolic pattern seen in (a) and (b).

Fibers termed as pore canal fibers are present in both
species, orientated through (across) the thickness of the
exoskeletons (Fig. 5). Similar to the in-plane layers, the
pore canal fibers consist of closely packed macrofibrils
with a diameter of about 30 nm. These macrofibrils are
thought to be constructed by chitin-protein, 14 •15 although
their exact chemical compositions are not determined in
this study. The pore canal fibers are located in the spaces
enclosed by the pore canals, which also extend through
the thickness of the exoskeletons. The pore canals are
formed by aligned oval-shaped holes in the chitin-protein
layers. They are evenly distributed in both exocuticle and
endocuticle [Figs. 6(a) and 6(b)] and run perpendicular to
the layers . The oval shaped holes are formed by opening
or closing the branches of chitin-protein macrofibrils in
each layer, which is clearly demonstrated in decalcified
samples [Fig. 6(b)]. Pore canals and pore canal fibers are
found in both species investigated (Fig. 6). Measurement
of in-plane SEM images indicates that the Callinected
sapidus has a higher pore canal density (0.22-0.25 1-Lm- 2 )
than that of the Homarus americanus (0.13-0.16 f.Lm- 2 ).
However, the size of the pore canal fibers in Homarus
americanus is larger than that in Callinected sapidus

[Fig. 6(b) versus Fig. 6(c)]. [Samples from the two spe
cies were processed differently in the case shown in
Fig. 6: Homarus americanus (decalcification) and Callinected sapidus (air drying). Although decalcification in
creased the size of the pores by removing the minerals,
the number and the density of the pore canals were not
affected.]
In the exocuticle, the pore canal fibers are well em
bedded in and in close contact with the chitin-protein
matrix through which they run, as can be seen from the
undecalcified samples of both species [Fig. 7(a)]. How
ever, in the endocuticle, the pore canal fibers may not
necessarily be well-embedded in their surrounding ma
trix for either species [Fig. 7(b)] .
The pore canals and the pore canal fibers are believed
to have at least two functions : transport of impregnating
materials during molting process (e.g., Refs. 3, 14, and
16) and enhancement of the mechanical strength of the
cuticle, as noted by Mutvei. 17 However, the latter has , to
our knowledge, not been investigated. We will disc uss
the effect of pore canal fibers on the mechanical behav
iors of the exoskeleton in the next section.
Due to the helicoidal arrangement of layered structure,

composite, characterized by a natural fiber-reinforced ,
laminar composite. The exoskeletons consist of proteins
and minerals that serve as a continuous matrix, rein
forced with chitin fibers of high tensile stiffness and
strength. Successive chitin-protein layers (lamina) are
stacked together in a helicoidal structure to form either
the exo- or endocuticle.
We will now focu s on the mechanical response from
the structural features observed in the exoskeletons. First,
we discuss the mechanical response associated with the
layered structure, followed by a discussion about the
mechanical enhancement resulting from the pore canal
fibers . The purpose of the analyses that follow is to de
velop a qualitative understanding of the mechanical
response, within a linear-elastic assumption. The devel
oped models are mainly based on the morphological
results obtained from our imaging analysis, and the ma
terial properties used in the models are estimated from
literature data due to lack of experimental measurements
of the exoskeletons. More experimental data on damage
mechanisms, interfacial molecular interaction among
various compositional components 19 •20 are needed to de
velop a more detailed multiscale model where nonlinear
effects can be incorporated. 2 1- 23 This is beyond the scope
of the current study and left for future investigations.
A. Layered structure

1. Classic laminate theory

FlG. 5. SEM images of pore canals (PC) and PCF. Arrow marks the
normal direction of the cuticle external surface in each image.
(a) In-plane view of a representative sample from a Homarus americanus claw. (b) Cross-sectional view of a sample from a Callinectes
sapidus carapace.

the shape of the pore canals can be described as a twisted
ri bbon structure.3 •14 •16 Furthermore, in the oblique sec
tions, a parabolic pattern of the pore canals can be ob
served, which again is a geometric illusion caused by the
helicoidal structure (Fig. 8). We note that it has been
suggested that the pore canals and the pore canal fibers
are "cross-linked," forming a similar pattern as the
chitin-protein macrofibril layers (e.g., Ref. 18). We be
lieve that this may be a misinterpretation due to the
"twisted ribbon" appearance of the pore canals . Our
analyses based on SEM images [Figs. 4(b), 5, and 7]
indicate that the pore canal fibers are indeed straight and
are not cross-linked to each other, as illustrated in Fig. 8.
Ill. MECHANICS-BASED ANALYSIS

Based on the experimental observations, it is evident
that the exoskeletons can be considered a biomineralized

A model of the representative repeating unit (unit cell)
of the layered structure, which consists of 180° accumu
lated rotation of layers, a " 180°-stack," is developed for
the mechanics-based analysis. In one layer (lamina), the
principal material direction is along the fiber direction.
Due to the high stiffness of the chitin fibers , the elastic
modulus is assumed higher in the principal material di
rection than in any other directions. To form the helicoi
dal architecture observed experimentally, laminae are
stacked together with the principal material direction of
each lamina rotating a small angle about the normal di
rection relative to its neighboring lamina [Fig. 9(a)]. For
simplicity, we do not explicitly include the local contri
bution of the holes forming the pore canals, but instead
incorporate them into the overall stiffness for each
lamina. Furthermore, using experimental observations,
we assume a constant thickness of each lamina and a
constant angle of relative rotation in the laminate for the
exocuticle and endocuticle, respectively, although the
thickness and angle of rotation vary between exo- and
endocuticles, and between species. With these simplifi
cations, the exoskeletons can be characterized as lami
nated (layered) composites, using theories from the lit
erature, e.g., Ref. 24.
The global coordinate system (x, y, z) is shown in
Fig. 9(b). The principal directions of the lamina (local

FIG. 6. In-plane views of the endocuticles exposing the PC and PCP. (a) Part of the cuticle is peeled off to expose this region showing that
successi ve planes stack together to form the endocuticle (Homarus americanus) . (b) PC and associated PCF are shown in a decalcified endocuticle
from the Homarus americanus. The PC appear larger in the decalcified samples due to removal of minerals. (c) PC and associated PCP are shown
for air-dried endocuticles Callinected sapidus.

coordinate system) are denoted 1 and 2, where 1 corre
sponds to the fiber direction of an orthotropic material
[Fig. 9(a)] . The out-of-plane direction of the lamina is
parallel to the z axis and is denoted 3. For the lamina,
plane stress conditions is assumed. With this approxima
tion, the remaining non-vanishing stresses are a 1 , a 2 , and
-r 12 , where a and T denote the normal stress and shear
stress, respectively . The corresponding engineering
constants are the elastic moduli £ 1 and £ 2 in the 1 and
2 directions, respectively; v 12 is Poisson's ratio and G 12
is the shear modulus in the plane.
Due to the 180° successive rotation along with the
assumptions of constant lamina thickness and constant
relative rotation, each layer in the 180°-stack model will
have a counterpart on the other side of the middle plane;
i.e., a lamina at z = z1 rotated 6 1 about the normal axis
will have its counterpart at z = - z1 with -e 1 rotation
(negative rotation). Thus, the 180°-stack model and also
the exoskeleton can be categorized as a regular antisym
metric laminate. Here, the resultant in-plane normal
forces N.x and NY and in-plane shear force N.xy• as well as

the bending moments on the surfaces with normals in the
x andy directions Mx and My and the twist of the laminate
M.xy, can be related to the normal strains E.~, E.~ and shear
strain ')'~, all at the mid-plane, and the curvatures Kx, Ky
and K.xy according to 24 •25 (Fig. 10)
N = Ae

+ BK

M = Be

+ DK

(1 )

where N, M, e and K are the vectors for normal force,
bending moment, strain, and curvature as defined in the
Appendix. Furthermore, A is the extensional stiffness
matrix, B is the bending-extension coupling stiffness ma
trix, and D is the flexural stiffness matrix, defined in the
Appendix.
The constitutive relationship presented in Eq. (1) re
sults in a coupling between stretching and twisting, and
between bending and shearing, manifested by the cou
pling terms in the B matrix B 16 and B26 , defined in the
Appendix.
An idealized structure, consisting of a laminate with an
infinite number of laminae and infinitesimal rotation
angle between each lamina, will give an upper bound for

approaching infinitely many laminae and infinitely small
rotation angle, the laminate is a quasi-isotropic laminate.
However, coupling between in-plane loading and bend
ing still exists.
2. Structural response

FIG. 7. Interactions between PCF and surrounding matrix shown in
SEM images of the undecalcified (ethanol dehydrated) samples of
Homarus americanus: (a) in the exocuticle region, the transverse PCF
are well-embedded and in close contact with their surrounding matrix,
and (b) in the endocuticle region, the transverse PCF are not neces
sarily well-embedded in their surrounding matrix.

how an 180°-Stack responds. To achieve this, the thick
ness of the lamina can be assumed infinitesimally small,
dh and the components in the stiffness matrixes can be
rewritten in integrated forms as

I

(Qi)kdh, Bu =

I

(Qi)kh dh

H

Aij =

I

H

-H

(Qij)khdh

-H

H

Du =

2

(2)

-H

where 2H is the total thickness of the laminate and QiJ are
the transformed stiffnesses defined in the Appendix. The
resulting stiffness matrices are similar to that of a regular
antisymmetric laminate, except that A11 = A22 , corre
sponding to the in-plane isotropy. Thus, for a structure

To elucidate the response of the exoskeleton, we now
investigate the constitutive behavior for a structure with
thickness (2H = 30 J..Lm), approximately corresponding to
the thickness of a "180°-Stack" observed for the lobster
samples, for a range of numbers of lamina (N), thus with
different relative rotation angles.
The material properties are determined according to
the following. The matrix and fibers are each assumed
isotropic. The stiffness for the crystalline chitin is re
ported to vary in the range of 10-100 GPa.Z6 Mechanical
properties are not readily available for the calcified pro
tein matrix, primarily due to challenges associated with
measuring them and the sensitivity to factors such as
water content and extent of calcification. However, the
elastic modulus of the cuticle matrix of Schistocerca var
ies from 0.1 GPa (Apodeme) to 2 GPa (Tibia) in different
locations. 27 - 30 Poisson's ratio for both materials is as
sumed to be 0.25 . The shear modulus can be determined
from G = E/2(1 + v) . The chitin volume fraction is
approximately 15-30% in the cuticle.29•30 Here, we se
lect 20 GPa as elastic modulus for chitin, and 1 GPa for
the protein matrix. Corresponding shear moduli will be
8 GPa for chitin and 0.4 GPa for protein. Moreover, we
assume a 30% chitin volume fraction and estimate the
properties of the bio-composite by using Hahn's equa
tions; see the Appendix for details .24 The resulting
parameters are shown in Table II. (The purpose of the
following calculations is to investigate qualitatively how
the structure behaves. In a future study, we plan to con
duct testing to establish the true mechanical properties.)
Table III shows how the normalized laminate proper
ties, based on Eq. (A3), evolve with the number of lami
nae, within a 180°-stack laminate. With increasing num
ber of laminae in the laminate, normalized An and A22
converge to one value; that is, the extensional stiffness
approaches an isotropic response. Isotropy is obtained
with infinitely many laminae, corresponding to the ana
lytical solution above [Eq. (2)]. Isotropy is generally pre
ferred since it provides equal structural behavior in all
directions.
Based on image analyses of the exoskeleton samples
from the Homarus americanus and Callinected sapidus,
each 180°-stack consists of approximately 100-200 lami
nae in the endocuticle, assuming that one lamina is com
posed of parallel macrofibrils in one plane. From the
results in Table III, this corresponds to a high level of
isotropy:
(3)
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FIG. 8. Helicoidal pattern (Bouligand-structure) of the PC and its corresponding illustrations: (a) SEM image of an oblique section of the
endocuticle from the decalcified Homarus americanus claw, highlighting the parabolic pattern of the PC (shown as densely distributed black holes
in the image); (b) "twisted ribbon effect" of a pore canal as a result of the successive rotation of the horizontal layers (left side) and the cross
sections of the pore canal at different positions (right side); (c) parallel PC running toward the surface along the normal direction; (d) oblique cut
of the PC; and (e) in-plane view of the oblique cut displays the parabolic pattern of the PC seen in (a) .
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3(z)

t~~~l(x)
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(a)

8

(b)

FIG. 9. Schematic illustrations of the 180°-stack composed of successively rotated laminae with the global coordinate system [x, y , z]. The local
coordinate system [1 , 2, 3] is attached to individual lamina in the laminate and rotates about the z axis (e.g., 8 or -8).

A similar symmetry is not found in the flexural stiff
ness matrix, due to the nature of the antisymmetric lami
nate in our model.
As discussed previously, the exo- and endocuticles
share the same structural characteristics, with similar

overall mechanical characteristics, as analyzed above.
However, there are distinct differences between the two
regions with respect to structural parameters, resulting in
different mechanical responses. The 180°-stack model
we developed is the basic repetitive unit of the structures,

(a)

(b)

FIG. 10. (a) Parameters of the laminate model and (b) forces and moments in a single layer. The total thickness of the laminate is 2H and the
thickness of the kth layer is tk. For a single layer in (b), all stress resultants and stress couples are shown in their positive directions (on two sides
only for simplicity).
TABLE II. Parameters and mechanical properties of one layer of
fiber-matrix.
2H

6.7 GPa

0.25

1.56 GPa

0.71 GPa

30 1-1-ffi

TABLE III. Numerical results of normalized stiffnesses of exoskel
eton 180°-stack composite, normalized via

1- v 2
Au =A!i2HE1

1- v2

1 - v2

4HE1

8HE1

;Bu=Bu--z- ; tJiJ = D!i - -3

N (Number of layers)

20

200

2000

+""

A11

0.5096
0.5465
0.1547
0.1784
0.0205
0.0320
0.0252
0.0658
0.0113
0.0133

0.5224
0.5261
0.1584
0.1821
0.0225
0.0356
0.0260
0.0636
0.0121
0.0140

0.5237
0.5241
0.!588
0.1825
0.0227
0.0359
0.0260
0.0634
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so by understanding the behavior of the repetitive unit,
the characteristics of the whole structure can be pre
dicted. From experimental observation on samples from
both species, the following results were found (Table I).
The endocuticle is 3-4 times thicker than that of the
exocuticle for Homarus americanus and 6-8 times
thicker for Callinected sapidus [Figs. 2(a) and 3(a)]. A
single 180°-stack in the endocuticle is 3-4 times thicker
than that of the exo~uticle for both species [Figs. 2(c),
2(d) , 3(c), and 3(d)]. The exocuticle has a fiber density
higher than that of the endocuticle [Figs. 2(c), 2(d), 3(c),
and 3(d)]. The endocuticJe 180°-stack consists of more
laminae than the exocuticle (Figs. 2 and 3).
Our model predicts that the higher number of laminae
observed in the endocuticle will lead to a higher level of

in-plane isotropy (Table ill). It follows that the endocu
ticle, consisting of more laminae in each 180°-Stack,
could be closer to having an isotropic response than the
exocuticle.
Also, the exocuticle has a higher fiber fraction than the
endocuticle, which will result in a stronger and stiffer
exocuticle because of the relatively high strength and
stiffness of the chitin. Raabe et al.3 1 measured the hard
ness through nano-indentation of the Homarus americanus' claw cuticle and showed a distinct decrease in hard
ness between the two regions. They reported an average
hardness in the transverse direction 450 MPa in the exo
cuticle, and 282 MPa in the endocuticle. We believe that
the change in fiber density of the two regions is an im
portant reason for this hardness difference. [Exocuticle
tanning (cross-liking between proteins) may also be a
prominent factor for the hardness change, 3 and will be
left for future study.]
Finally, a qualitative comparison can be made between
the Homarus americanus and the Callinected sapidus.
The exoskeletons are constructed with the same materials
and have similar morphology. However, the exoskeleton
of the Homarus americanus claw is approximately
2-3 times thicker than the exoskeleton of the Callinected
sapidus claw, and an 180°-stack of Homarus americanus
is also approximately 2-3 times thicker than that of Callinected sapidus (Figs. 2 and 3). A 180°-stack in the
Homarus americanus claw consists of more layers than
in the Callinected sapidus claw (Figs. 2 and 3). Conse
quently, the claw exoskeleton from the Homarus americanus may be "more" isotropic than the Callinected sapidus claw.
B. Pore canal fibers

One of the most interesting features in the exoskeleton
is the through-the-thickness pore canal system, consist
ing primarily of pore canals and pore canal fibers. To
gether with the layered structure, the three-dimensional

structure of the exoskeleton is formed during molting 16
and in-plane holes for the pore canal fibers are formed by
the slightly departing and reuniting of chitin-protein
macrofibrils in each plane (Fig. 6). The function of the
pore canal system is to tran port material during inter
molting.16 In this work, we propose that the pore canal
fibers also have the additional function of providing a
mechanical reinforcement to the exoskeleton. To our
knowledge, the latter has not been investigated.
Any plate or shell structure (e.g., an exoskeleton) that
is subjected to an external transver e load (a load per
pendicular to the surface) must be able to absorb shear
stress and shear deformations. This requires a high inter
laminar shear strength and shear stiffness, which are not
automatically obtained in layered composite structures.
In man-made materials, this is mitigated by stitching and
in the investigated exoskeletons, it appears to be done by
the pore canal fibers. A crustacean exoskeleton is fre
quently subjected to transverse load. For example, crack
ing another crustacean for a meal requires the claw to
absorb significant amount of load. Furthermore, for the
exoskeleton to withstand attacks from enemies, it must
withstand bites and pinches that impose transverse
shear. 32
We will discuss two possible mechanical functions of
the pore canal fibers: increasing the transverse stiffness
and increasing the interlaminar strength.
1. Transverse stiffness

In classic beam and plate theory (discussed in Sec. III.
A), the effect of transverse shear is ignored. However,
transverse shear can be an important factor for the overall
mechanical behavior of thick laminates such as the exo
skeletons considered here. The transverse shear can be
incorporated from the relationship between the trans
verse shear forces Qx and QY (Fig. 10) and the transverse
shear strains Exz and Eyz with the constitutive relation
ship24:

(4)
where
Aij =

~~(Q;)k[

hk- hk- 1-

(i, j

~ (h~- h~-1) ~ 2 ]

= 4, 5)

(5)

and 2H is the total thickness of the laminate. Aij are the
extensional stiffnesses and Q1 are the transformed stiff
nesses, defined in the Appendix.
We believe that the pore canal fibers , by increasing the
transverse shear moduli (G 13 and G23 ), will increase the
transverse stiffness, resulting in smaller deformation dur
ing loading. To illustrate this, a 180°-stack (a unit cell)

laminated plate (as modeled in previous section) with
dimensions a x b x 2H is studied. All four edges are
simply supported. The surface of the plate is loaded with
a uniformly distributed pressure q. The necessary equa
tions to solve this problem are summarized in the Ap
pendix. The bio-material properties were previously de
rived (Table II), and the dimensions are estimated based
on SEM images, listed in Table IV.
The normalized, maximum deflections at the center
of the plate are calculated using first-order shear defor
mation theory (Appendix) for various transverse shear
moduli. Based on an analytical solution by Reddl 5 and
assuming transverse shear moduli G23 = G 13, our results
(Fig. 11) show that higher transverse shear modulus cor
responds to smaller maximum deflection. Thus, optimiz
ing the appropriate properties of the pore canal fiber
(e.g., increasing fiber density and diameter, increasing
fiber-matrix friction) will increase the structure's ability
of resisting transverse deformation from external force.
In-plane views of the endocuticle from both Homarus
americanus and Callinected sapidus suggest that the pore
canal fiber density is higher in Callinected sapidus than
in Homarus americanus claw. However, the pore canal
fiber diameter is larger in Homarus americanus than in
Callinected sapidus [Table I and Figs. 6(b) and 6(d)].
Each equipped with an advantageous parameter over the
other, the comparison of overall properties between the
two species requires additional studies. This includes me
chanical testing, such as nanoindentation, and will be
conducted in a future study.

w

2. lnterlaminar strength

In man-made laminates, transverse fibers running per
pendicular to the laminates are used to increase the in
terlaminar strength. During interlaminar failure, debond
ing between the laminae is delayed by the stretching and
the friction of the transverse fibers, resulting in absorp
tion of more energy (e.g., Refs. 33 and 34). We believe
that the pore canal system provides a similar nature
designed strategy for preventing delamination. To illus
trate this concept, we adopted the work by Jain and Mai 35
where overall mode I failure under tensile load (Fig. 12)
of stitched composite materials was investigated. Similar
analyses can be done for overall mode II loading (in
plane shear) 36 but are omitted for brevity.
The pore canal fibers in the exoskeleton are interpreted
as the stitches in the Jain and Mai model (Fig. 12).35 We
assume that the pore canal fibers are attached to the
TABLE IV. Geometries, mechanical properties and external load for
model of transverse stiffness.
a ( f.Lm)

b(f.Lm)

2H (f.Lm)

N

150

150

30

200

Q (Nim 2 )

the coordinate t ongmates at the crack tip (Fig. 12),
and p(t) is the distributed load from the closure forces
given by

100
90
80
70

"
(J)

60

(7)

so

where SD is the fiber density, 'Tis the matrix-fiber inter
face shear stress ("friction stress"), and df is the (pore
canal) fiber diameter (for simplicity, the fiber is modeled
with circular cross-section). Furthermore, U1 and U2 are
Heaviside step functions defined in the Appendix. The
associate boundary conditions to the governing differen
tial Eq. (7) are

40
30
20
10
0

10-2

10-1

10

8(0) = 0

G13/G12

do

FIG. 11. Normalized maximum deflection (w) at the center of the
plate against the transverse shear modulus (G23 = G 13 ) .

epicuticle at the top and to the structure below the exo
skeleton.14'16 Thus, we can adapt the case of "intercon
nected-stitches" without "pre-tension" presented by Jain
and Mai.35 For simplicity, we will refer to the pore canal
fibers as "fibers" and the overall layered structure as the
"matrix." Furthermore, we assume, again for simplicity,
that the delamination occurs at the center of the structure
and that the structure has the total thickness 2H. Failure
will occur in several stages (assuming the fiber does not
rupture in advance) , as the external load P increases (Fig.
13). First, the layered structure starts to delaminate be
tween two layers. Then the fibers stretch between the
delaminated surfaces and start to debond from the matrix
[the debonded length is 0 < Y < H, Fig. 13(a)]. The
debonded region reaches the thickness of the laminate,
Y = H , where the force at the end of fiber F0 emerges
and increases with increasing loading [Figs. 13(b) and
13(c)]. Finally, the force in the fiber reaches the ultimate
strength of the fiber a f u • causing the fiber to break.
During delamination, the debonded areas along the
fiber provide frictional slip. This, along with the load
absorbed by the fiber, contributes as a resistance force
against crack propagation. The following equations de
scribe the failure evolution and are directly from Jain and
M ru.. 35
The crack opening displacement 8 is related to the
length of the crack bridged by stitches ~a and determined
based on the Euler beam equation with the governing
beam equation :

d4 8

EI= -2p(t)
dt4
0 < t < ~a

(6)

where EJ is equivalent to bD 11 from the laminate theory,

dt (O) = 0

d2 8

-(~a)=

d2

0

d3 8

2P

dt3

EI

-(~a)=-

(8)

Finally, the crack growth resistance can be expressed
as

I!.a

= K 1c

+ C Lp(t)

~t(h)dt

(9)

where Krc is the fracture toughness of the laminate with
out the stitches ("intrinsic fracture toughness"), and Kr
(~a) is the fracture toughness due to closure traction ,
withf(t/H) being a dimensionless function defined in the
Appendix.
We now use these equations developed for man-made
composite materials to investigate the response of the
exoskeletons. To highlight the effect the transverse fibers
have on the fracture toughness, we focus on the change
of crack growth resistance, ~KR = -K/~a), due to the
through-the-thickness pore canal fibers. The nominal
parameters used are based on our sample observation and
presented in Table V. The interaction between the pore
canal fibers and the matrix must be carefully considered
in the model. Image analyses (Fig. 7) show that fibers in
the exocuticle are well embedded in their surrounding
matrix, which was also seen for Carcinus maenas (Green
crab) by Compere. 14 However, in the endocuticle, the
pore canal fibers appear not to be in full contact with the
surrounding matrix. Unfortunately, it is not possible from
either our observation or available literature to establish

p
t

Horizontal
la ered structure

stitching fibers
(pore canal fibers)

p
FIG. 12. Simplified model of double-cantilever laminated beam with through-the-thickness reinforcement, for mode I fracture. Beam thickness
is 2H, bridge crack length is .ia, external force is P, tis the distance from crack tip, and 8 (t) is beam deflection at t.35

(a)

(b)

(c)

FIG. 13. Schematic illustration of evolving stages during the crack propagation: (a) initiation of debonding between fiber and matrix where Y
is the debonded length, (b) debonded region reaches the thickness of the beam, i.e., when Y = H, (c) F0 emerges and increases until the fiber
strength is reached. F 1, F2 , and F 3 are instantaneous fiber forces at (a), (b), and (c), respective!y 3 5
TABLE V . Nominal properties used to investigate interlaminar
strength.
H(f.Lm)

IS

N (Number of layers)

200
0.5
0.25
20
500
63 X J0- 14
50
1.5 X JQ7

dr(f.Lm)
So (f.Lm-2)

Er (GPa)
D'fu (MPa)
EI or bD 11 (Nm 2 )
'1'(MPa)
K 1c (Pa m- 112 )

the extent of contact between the pore canal fibers and
the matrix in the endocuticle. Therefore, to explore all
possible conditions on the delamination resistance, the
lower bound of vanishing frictional stress between the

pore canal fibers and the matrix is included when evalu
ating the mechanical response.
The change of the crack growth resistance from Krc
due to the pore canal fibers AKR as a function of bridged
crack length Aa is calculated for a range of cases, based
on Eq. (9), and is summarized in Figs. 14 and 15. Due to
the development of the bridging zone of the pore canal
fibers in the debonding wake AKR increases until it
reaches a constant value due to saturation of bridging
zone size. Saturation of the bridging zone size corre
sponds to the region where a "steady state" is obtained
from of the balance between new transverse fibers de
veloped for bridging and old bridging transverse fibers
ruptured. Selected parameters are varied in the simula
tions to demonstrate their influences on the interlarninar
strength. The parameters are in some cases varied beyond
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FIG. 14. The change of the crack growth resistance t.KR as a function of the bridged crack length t.a for various (a) pore canal fiber density
So, (b) pore canal fiber diameter dr, (c) pore canal fiber stiffness Er, and (d) pore canal fiber strength, (J'fu·

the range observed experimentally to illustrate the trend
of the structure's interlaminar strength. The results sug
gest that increasing the fiber density SD, fiber diameter
dr, fiber strength aru, fiber 'stiffness Er, and the fiber
matrix interface shear stress 'T , generally increase the
crack growth resistance (Figs. 14 and 15). All parameters
investigated influence the onset of the "steady state" con
ditions. From the equations and the graphs, it is evident
that increasing the fiber-matrix interface shear stress 'T is

the most important factor for strengthening the structure
under the current model 's geometry and parameters (Fig.
15). Increasing the fiber stiffness Er leads a faster in
crease of the crack growth resistance after the crack starts
to propagate, but increasing fiber stiffness also leads to a
short bridged crack length and a lower AKR when the
"steady state" is reached [Fig. 14(c)].
Similar trends of improvement on the interlaminar
strength can also be observed when the frictional stress

between the pore canal fiber and the matrix is neglected,
although to a much lower extent (Fig. 15). Due to the
absence of friction between the pore canal fiber and the
matrix, only the forces at the embedded ends of the pore
canal fibers contribute to the resistance against crack
propagation, which explains the overall reduction on the
improvement of crack growth resi tance. However, if the
pore canal fiber strength is high enough, the forces from
the embedded ends of the pore canal fibers are able to
compensate for the missing fiber-matrix frictional force.
Then relatively large improvement on the interlarninar
strength can be achieved (not shown for brevity). In exo
skeletons, the model with frictional stress between the
pore canal fibers and matrix is reasonable for exocuticles,
whereas in endocuticles, the contribution from fiber
matrix friction is low or none. However, in both cases,
our proposed model suggests an improved interlarninar
trength due to the presence of the pore canal fibers, with
different degrees of enhancement.
In summary, the through-the-thickness pore canal fi
ber in the exoskeleton laminate improve the structure's
resistance to mode I failure. In a similar manner, one can
show that the mode IT resistance is also increased due to
the transverse pore canal fibers. Thus, the pore canal
fibers have the important function of preventing the exo
skeleton from splitting when subjected to external loads,
such as an enemy attack.

and Callinectes sapidus (Atlantic blue crab) with the aim
of establishing their mechanical responses. The investi
gation was based on extensive SEM analysis to establish
the morphology, followed by simple mechanics-based
analyses to illustrate the mechanical responses.
In the study, we focused on the exoskeletons from the
claws, since these structures are optimized for both light
weight and strength, which are desired properties for
many engineering applications. In both cases, the exo
skeletons consist of three major regions: epicuticle,
exocuticle, and endocuticle. The exocuticle and endocu
ticle are the major load-bearing structures and conse
quently the focus of this study. The endocuticle is about
6-8 times thicker than the exocuticle in the Callinectes
sapidus and 3-4 times thicker in the Homarus americanus. However, the general characteristics of the two ma
jor regions are the same. They both consist of multiple
fibrous layers that are oriented parallel to the external
surface. Each layer consists of macrofibrils (-30 nrn in
diameter) held together by proteins and calcified miner
als. These layer are stacked with each layer rotating with
a small angle relative to its neighboring layers. Our study
supports the suggestion of the so-called Bouligand struc
ture. Furthermore, pore canals and pore canal fibers are
found to run perpendicular to these layers. The pore canal
fibers are uniform in shape and extend straight through
the layered structure. There is no evidence from our ob
servation that they connect to or intersect each other.
From the established exoskeleton microstructure, we
developed idealized models to analyze the overall me
chanical response of the structural representative unit cell
of the exoskeleton, which consists of layers forrning an
accumulated 180° rotation of the fiber orientation. The
180°-stack is a regular anti symmetric laminate tructure,
which has a coupling between extension and bending
(i.e., when loaded in pure tension, the laminate will twist
or bend). Each 180°-stack consists of approximately 200
fibrous layers. Our mechanics-based analysis suggests
this result in an almost isotropic response. Also our
model shows that the presence of the transverse pore
canals fibers has a significant influence on enhancing the
transverse stiffness and strengthening the fracture resis
tance of the exoskeleton.
In summary, we have elucidated both the microscopic
morphology and overall mechanical behavior of the exo
skeleton for two common crustaceans, Homarus americanus and Callinectes sapidus. These investigations not
only significantly expand the understanding of the struc
tures, but also serve as fo undations and inspirations for
man-made composite structures.

IV. CONCLUDING REMARKS
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APPENDIX
A. Classic laminate theory

The resultant in-plane normal forces Nx and NY and
in-plane shear force Nxy, as well as the bending moments
on the surfaces with normals in the x and y direction Mx
and My, and the twist of the laminate Mxy can be related
to the normal strains E~, E~ and shear strain ')'~, all at the
mid-plane, and the curvatures Kx, Ky and Kxy according
to 24 ·25 (Fig. 10)

N = Ae + BK

M =Be+ D K

(Al)

Et
Qll =--=--
1 - V1 2V 2 1

with

E2

Q22 = - - - 
l -

v12v21

V 2 1E1

QI 2 =_....::..:...__.:....._
1-

v 12 v 21

v12E2

1-

v 12 v 2 1

Q 66 = G 12

(AS)

where we note that v 12 E 2
B. Hahn 's equations

(A2)

where Au are extensional stiffnesses and Bu are bending
extension coupling stiffnesses, and Du are flexural stiff
nesses given by
N

Equations for obtaining the elastic properties of a com
posite based on the fiber and matrix materials are sum
marized here? 4 •37 These equations are based on circular
cross-section fibers, which are randomly distributed uni
directionally in the matrix.
The elastic constants £ 11 , v 12 , G 12, G23 , KT (the plane
strain bulk modulus) can be expressed in the generalized
functional form of

Au= L(Q;)k (hk- hk-1)

+ 11PmVm
p = PfVf
____:____::___
___::::.::.___::::.::.
Vf + 11Vm

k= l

N

1
""' 2 - hk-1)
2
Bu = 2_L._.(Q;)k(hk
k= l

N

1
""' - uMhk3 - hk-1)
3
Du = 3L(Q

(A3)

k= l

where P is specific elastic constant and subscripts f and
m denote fiber and matrix, respectively. vf and vm are
volume fractions of the fibers and matrix, respectively.
Pf, P m• and 11 are shown in Table Al. In Table A1 the
following parameters are used:

where hk is the distance from mid-plane to the upper side
of the kth layer and hk- J is the distance to the lower side
of the kth layer. h is 0 on mid-plane and negative below
the mid-plane. The layers are numbered from 1 toN from
the bottom to the top of the laminate [Fig. lO(a)] . Fur
thermore, Q;1 are the transformed stiffnesses

116 =

1 + Gm/GI2f
2

114 =

3 - 4vm + Gm/ G23f
4(1 - vm)

11 K

Q 11 = Q 11 cos 4 e + 2(Q 12 + 2Q66 )sin2 e cos2 e

Q 22

2
2
= (Qll + Q22 - 4Q66)sin e cos e
+ Qdsin4 e + cos 4 e)
4
2
2
= Qll sin e + 2(Ql2 + 2Q66)sin e cos e
4
+ Q22 cos e

Ql 6 = (Qll - Ql2 - 2Q66) sm e cos e + (Ql2
3
- Q22 + 2Q66) sin e cos e
-

.

with the reduced stiffnesses:

. 3

(A7)

(A8)

and for an isotropic matrix
Gm = Em/2(1 + vm)

3

Q26 = (Qll - Ql 2 - 2Q66) sm e cose + (Ql2
- Q22 + 2Q66)sin e cos 3 e
Q66 = (Qll + Q22 - Ql2- 2Q66)sin2 e cos 2 e
+ Q66 (sin 4 e + cos 4 e)
(A4)
-

1 + Gm! Kf
= 2(1 - vm)
Ef

+ Q22 sin 4 e

Q1 2

(A6)

(A9)

TABLE AI. Elastic constants based on Hahn' s equation.
Elastic
constant

p

Pr

E,,

E"

Er

v,2
GJ2
G23

v, 2

V12r

l/G 12

l!Gl2f

l/G23

l/G l2f

KT

l!KT

IlK,

pm

"!]

Em
vm
1/Gm
l /Gm

1/Km

"1 6
"1 4
"lK

Then

sll

s12
(AlO)

§13

= (A1z

2

+ A66 f3 2 )

+ A66)af3

= 0

= 2B 16af3
2
2
S15 = (BI 6a + G 26f3 )
2
2
Szz = (A66a + A22f3 )
s

where

(Al 1)

c.

= (A 11 a

Laminated plate with simply supported edges

Here we summarize the Navier solution for rectangu
lar laminated plate with simply supported boundary con
ditions at all four edges using first-order shear deforma
tion theory ? 5 Assume the plate is a wide in the x direc
tion and b wide in they direction. A solution exists for an
antisymmetric laminate. For this problem, the boundary
conditions are satisfied with the expansions:

uo(x,y) =

II

vo(x,y)

LLV

00

00

=

QIX

cos f3y

mncos

O'.X

sin f3y

Wmnsin

O'.X

sin f3y

umnsin

00

n= l m=l
00

w0 (x,y) = I

I

<!>,(x,y) = I

~y(x,y) =

= K(Assaz + A44f3z)

S34 =KAssa
s35

= KA44f3

S44 = (D11a + D66 f3 + KA s5)
2

S45
S55

2

= (Di z + D66)a f3

=(D66a 2 + Dzzf3 2 + KA44)

q = IIQnm sin
n=l rn= l

(A l4)

QIX

cos f3y

(AlS)

00

Ixmncos

O'.X

sin f3y

O'.X

cos f3y

Finally, the normalized deflection is obtained accord
ing to

n=lm= l
00

§33

00

n= l m=l
00

Sz3 = 0
Sz4 =§15
Szs = 2B26af3

where K is the shear correction coefficient, determined
from the equivalence of the strain energy due to trans
verse shear stresses predicted with K and the strain en
ergy due to the true transverse stresses predicted by the
three-dimensional elasticity theory.
Qmn can be obtained from expansion of the distributed
pressure q according to

00

n= l m=l

14

00

LLYmnsin

(A12)
(A16)

n= l m = l

where a = m'TT!a, f3 = n7T/b and u0 , v 0 , and w0 are
displacements in the x, y, and z directions, <l>x and <I>Y are
rotations about the x and y axes. Furthermore, the coef
ficients Umn• Umn • Wmn • Xmn• and Ynm can be determined
from

where 2H is the plate thickness and q is the distributed
pressure.
D. Transverse fibers

(Al3)

The parameters needed for determining the resistance
that the transverse fibers add to the delamination strength
of stitched fiber composites are summarized here. All
equations are directly from Jain and Mai's work? 5 Let -r
be th,e matrix-fiber interface shear stress ("friction
stress"), and d r the fiber diameter. For Y < H in Fig. 13,
the force in the transverse fiber caused by frictional slip
F is given by the functional

where elements in the 5 x 5 matrix can be obtained based
on stiffness matrices A, B , and D as

(Al7)

§12 0 §14 §15
§12 Szz 0 Sz4 Szs
0
0 §33 §34 §35
§14 Sz4 ~4 §44 §45
§35 §45 Ss5
.SJS Sz5
gil

0
umn
0
vmn
wmn = Qmn
0
xmn
0
Ymn

where the crack opening displacement o(Y) is given by

om= [r- ~ 1n(~ + 1) J[1 + ~ J ,

(A18)

where
8(F0 ) = [ H-

[1 + r + F 0 1(AtEt)]

where r is the extensibility ratio defined by
·mdrH

(A19)

r=~'
f

f

where Af is the fiber cross-section area and Et is the
elastic modulus of the fiber.
For Y = H, all additional force is absorbed by the fiber
only (no additional absorption through friction) . The
force absorbed by the fiber is
F 0 = F- Ff.L

,

= nrdtH

.

U 1 = U1 ( [ H-

Thus, once the fiber is completely debonded, Eq. (A17)
is replaced by

(A22)

~ ln(1 + r) ](1 + r) - o(t))

U2 = U2 [utuAt- nrdtH- F 0 (t)]

,

(A23a)
(A23b)

and u fu is the fiber strength. We recall that a Heaviside
step function is defined by
1,

(A21)

.

U1 and U2 are Heaviside step functions of the form

X> 0

U(x) = { 0, x ,;; 0

(A20)

where Ff.L is the maximum force absorbed through fric
tion given by
F f.L

~ ln( 1+ Fo~(AtEt) + 1)]

(A24)

·

The fracture toughness due to the closure traction Kr(Lla)
contains the dimensionless function f(t/H), defined by

t(h)

=

V12 (h + 0.673)

+1ft

- [ 0.8Is(hf6I9 + 0.429

rt

(A25)
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